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Tensor networks are powerful techniques that widely used in condensed matter physics. In
this language, the wave function of a quantum manybody system is described by a network
of tensors with specific entanglement structures. Recently, it is shown that tensor network
can generate the anti-de Sitter (AdS) geometry by using the entanglement renormalization
approach. However, whether the dynamical connections can be found between the tensor
network and the gravity is an important unsolved problem. In this paper, we give a novel
proposal to integrate ideas from tensor networks, entanglement entropy, canonical quanti-
zation of quantum gravity and the holographic principle and argue that the gravitational
dynamics can be generated from a tensor network if the wave function of the latter satisfies
the Wheeler-DeWitt equation.
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2I. INTRODUCTION
In the study of quantum manybody physics, tensor network becomes a natural language in
which the wave function of the system is described by a series of tensors which comprise into a
network, each tensor can be viewed as a building block of the wave function and the connections
between tensors are captured by quantum entanglement among the particles. Typically, the total
Hilbert space of a quantum manybody system is too large to handle with due to the large number
of particles and their microstates. Efficient ways to deal with the problem is to utilize the idea of
real space renormalization group (RG) to make the number of coarse grained effective degrees of
freedom (d.o.f.) reduce dramatically. The RG approach for tensor network is called the multi-scale
entanglement renormalization, which was shown very powerful both for theoretical and numerical
calculations [1].
Recently, an interesting progress was that the entanglement renormalization of tensor networks
can be viewed as a discrete version of the AdS/CFT correspondence. More specifically, a discrete
time slice of AdS geometry can emerge from the coarse graining of some tensor network at the
quantum critical point [2]. Soon after, different kinds of tensor networks have been investigated
to generate the AdS geometry, with the attempt to construct the bulk spacetime (or gravity) by
using the informations of the boundary quantum theory such as the correlation functions and
entanglement entropy [3, 4].
Indeed, in the construction of bulk geometry, quantum entanglement or entanglement entropy
was shown to play a vital important role. Previous evidences include the proposal of calculating
entanglement entropy of the boundary CFT from minimal surface in bulk AdS [5], the proposal that
spacetime can emerge from the quantum entanglement of boundary CFT, in which disentangling
CFTs in two boundary regions can make the bulk spacetime disconnected [6], the study of rebuilding
bulk AdS geometry from the entanglement wedge of the boundary CFT [7] and so on. Among these
approaches, the essential point is to find out the underlying connections between the dynamics
of the non-gravitational system (such as the CFT) and that of the spacetime geometry, i.e. the
gravitational dynamics. Otherwise, the geometries emerged from the non-gravitational systems are
only an analogy. Similar situations occurred in the study of analogue gravity [8], it was not until
recently that the dynamical connections between acoustic black holes (one kind of the analogue
gravity) and the real black holes have been revealed [9, 10] .
As for the tensor network approach of building spacetime geometry is concerned, the crucial
question is whether the gravitational dynamics, namely, Einstein’s equation can also be constructed
3(or generated) from the tensor network, and hence, from the non-gravitational quantum manybody
systems. In this paper, we present a novel proposal to combine the key ideas from the tensor
networks, entanglement entropy, canonical quantization of quantum gravity and holographic prin-
ciple together and argue that Einstein’s equation can be generated from the tensor network if the
Schro¨dinger equation which satisfied by the wave function of the tensor network can be rewritten
as the Wheeler-DeWitt equation.
II. EQUIVALENCE BETWEEN THE WAVE FUNCTIONS
Considering a quantum manybody system (with N particles) in d-dimensional flat spacetime,
its ground state wave function |Ψ〉 can be expressed as
|Ψ〉 =
∑
a1···aN
Ta1···aN |a1〉 ⊗ · · · ⊗ |aN 〉, (1)
where |aj〉 is the basis of the j-th particle, and Ta1···aN can be viewed as the coefficients of a N -rank
tensor. In the tensor network representation, the tensor Ta1···aN can be reduced into a network
comprised by NT number of tensors tb1···bn with less rank, namely, n < N , and for simplicity, we
require each index bj takes the same q number of values.
Note that |Ψ〉 can also be written into the Euclidean path integral form as [11]
Ψ[φ(x)] = N− 12
∫ ∏
0<τ<∞
Dφ(τ, x)δ (φ(0, x) − φ(x)) e−IE[φ], (2)
where φ(x) are fields, IE[φ] is the Euclidean action of the manybody system and N 12 is the nor-
malization factor, respectively.
On the other hand, the wave function ΨG[hIJ , ϕ] of a spacetime can also be expressed as the
Euclidean path integral [12]
ΨG[hIJ , ϕ] =
∫
C
D[g]D[ϕ]e−IE[g,ϕ], (3)
where C indicates a class of spacetimes with compact boundary such that the reduced metric hIJ
and matter fields ϕ satisfy the given boundary conditions.
Recall that the fundamental equation of the AdS/CFT correspondence is the equivalence be-
tween the partition function (generating functional) of the bulk gravity and that of the boundary
CFT [13–15]
ZAdS = ZCFT. (4)
4For general spacetime backgrounds, the holographic principle indicates that the partition function
of the bulk theory should equal to that of the boundary theory. Furthermore, the wave functionals
Ψ[φ(x)] and ΨG[hIJ , ϕ] contain all of the informations of their corresponding systems respectively
and they will reduce to the associated partition functions when the initial states are chosen as
the δ function source. Therefore, if a quantum manybody system is holographically dual to a
gravitational theory living in higher dimensional spacetime, we conjecture that the relation
Ψ[φ(x)] = ΨG[hIJ , ϕ] (5)
is held. Eq.(5) can be viewed as a generalization of eq.(4), and it is a bridge to connect the
dynamics of the two sides.
III. TRANSFORMATION OF D.O.F. FROM THE TENSOR NETWORK TO THE
METRIC
If a tensor network can describe gravity, a crucial question to ask is how are the d.o.f. of
the former mapping to those of the latter, similar to the relation of field/operator duality in the
gauge/gravity duality. Interestingly, we found that the entanglement entropy obtained from the
tensor network plays a vital important role. To see this, note that the open indices of a tensor
network correspond to the physical d.o.f. of the quantum manybody system [16], for an arbitrary
given region (without open indices inside it) in the tensor network with volume V (denoted as
region A) and boundary ∂V , the number of external indices (legs) m of the region are proportional
to its boundary area ΣA, when each leg has q number of excitations, there are q
m microstates on
ΣA, and hence the associated entropy is SA = kB ln q
m = mkB ln q ∝ m ∝ ΣA, which just describes
the entanglement entropy between regions V and V¯ (denoted as region B) and obeys the area law.
Moreover, assume that the tensor network forms a d− 1-dimensional flat space (note that this
space is not necessarily be the real space), the entanglement renormalization method together with
the holographic entanglement entropy proposal suggest that SA is a quarter of the area A of a bulk
co-dimensional-2 minimal surface λA with boundary ∂V
SA =
A
4ld−1p
, (6)
where A =
∫ √
λ˜dd−1ξ, with λ˜ij and ξ the reduced metric and coordinate on λA, and lp is the
fundamental length scale of the d+ 1-dimensional spacetime. We regard this geometry as the one
emerged from the tensor network. Nevertheless, for dimensional analysis, it is expected that ld−1p
5be the gravitational coupling constant Gd+1. On the other hand, SA is calculated from the von
Neumann entropy
SA = −trρA ln ρA, (7)
where ρA is the reduced density matrix of the subsystem A, which can be expressed as
ρA =
∫
DφBΨ
∗[φB ⊕ φA]Ψ[φB ⊕ φ′A]
=
1
N
∫ φ(~x,0+)=φA
φ(~x,0−)=φ′
A
Dφe−IE[φ], (8)
in which φB are fields belonging to the region B and trρA = 1.
An important hint from eq.(6) is that it governs the transformation of the d.o.f. from the
tensor network to the reduced geometry on λA, namely, λ˜ij . In addition, λ˜ij is obtained from the
reduced geometry h˜IJ on a time slice Σt via λ˜ij =
∂yI
∂ξi
∂yJ
∂ξj
h˜IJ (for static minimal surface), where
yI is coordinate on Σt. Consequently, the d.o.f. of the tensor network are transformed to those of
reduced geometry Σt, namely, h˜IJ , which indicates the similar relation with eq.(5)
Ψ[φ(x)] = Ψ[φ[h˜IJ ]], (9)
since the wave functional Ψ[φ(x)] is a scalar function, eq.(9) is just a change of variables in the
wave functional. Clearly, if h˜IJ can represent the real spacetime geometry, eq.(9) and eq.(5) are
the same.
To see more clearly how the d.o.f. of the tensor network and the emerged geometry are connected
with each other, let us consider variation on both sides. From eqs.(6)(7), we have
δSA = −tr (δρA ln ρA) = − 1
8Gd+1
∫ √
λ˜dd−1ξλ˜ijδλ˜
ij . (10)
When the variation is caused by a single operator perturbation, namely,
I
(0)
E → IE = I(0)E + gs
∫
ddxO(x), (11)
where gs is the coupling constant, the density matrix changes as
δρA = ρA − ρ(0)A
=
1
N
∫ φ(~x,0+)=φA
φ(~x,0−)=φ′
A
Dφe−I
(0)
E −gs
∫
ddxO(x) − 1N (0)
∫ φ(~x,0+)=φA
φ(~x,0−)=φ′
A
Dφe−I
(0)
E , (12)
where
N =
∫
Dχ
∫
φ(~x,0−)=φ(~x,0+)=χ
Dφe−I
(0)
E −gs
∫
ddxO(x)
= N (0)
(
1− gs
∫
ddx〈O(x)〉+ g
2
s
2
∫
ddx
∫
ddx′〈O(x)O(x′)〉+ ...
)
, (13)
6then at the first order perturbation,
δρA = gsρ
(0)
A
(∫
ddx〈O(x)〉 −
∫
ddxO(x)
)
. (14)
Substituting eq.(14) into eq.(10), one then obtain the explicit relationship between O(x) and δλ˜ij .
IV. EMERGENCE OF THE GRAVITATIONAL DYNAMICS
In order that the emergent reduced metric h˜IJ can describe the real spacetime geometry, it
needs to satisfy the gravitational dynamical equation, namely, Einstein’s equation or its equivalent
form. Considering a real d+ 1-dimensional stationary spacetime with
ds2 = −N2dt2 + hIJ(N Idt+ dxI)(NJdt+ dxJ), (15)
the Hamiltonian formalism gives the Hamiltonian and the momentum constraints, and in the
canonical quantization, they become the Wheeler-DeWitt equation and the quantum momentum
constraint equation that the wave function of the spacetime to satisfy [17]
{
−GIJLK δ
2
δhIJδhKL
−√−h
(
(d)R− 2Λ
)}
Ψ[hIJ ] = 0, (16){
δ
δhIJ
Ψ[hIJ ]
}
|I
= 0, (17)
where GIJKL = h
−1/2
(
1
2 (hIKhJL + hILhJK)− 1d−1hIJhKL
)
is the supermetric and (d)R is d-
dimensional Ricci curvature constructed from the reduced metric hIJ , and here we only consider
the bulk to be the vacuum, namely, without the matter fields.
Furthermore, the ground state wave function Ψ[ϕ(x)] described by a tensor network satisfies
the Schro¨dinger equation HˆΨ[ϕ(x)] = 0. Therefore, from eqs.(9) and (5), if a tensor network can
describe a real spacetime, its associated Schro¨dinger equation should be able to rewritten in the
same form as the Wheeler-DeWitt equation, i.e.
HˆΨ[ϕ(x)] =
{
−G˜IJKL δ
2
δh˜IJδh˜KL
−
√
−h˜
(
(d)R˜− 2Λ˜
)}
Ψ[ϕ[h˜IJ ]] = 0, (18)
{
δ
δh˜IJ
Ψ[ϕ[h˜IJ ]]
}
|I
= 0, (19)
which means that h˜IJ can describe a real spacetime metric hIJ , where Hˆ is the Hamiltonian density
of quantum manybody system.
7V. PROJECTING THE WHEELER-DEWITT EQUATION ON THE ADS BOUNDARY
In the original holographic approach, the CFT or QFT is located at the asymptotical spatial
boundary. Therefore, the Hamiltonian Hˆ of the tensor network should be expressed as an operator
in terms of variables on the spatial boundary. This can be done by projecting the Wheeler-DeWitt
equation (16) on the AdS boundary. Let’s considering the d+1-dimensional static AdS spacetime
with metric
ds2 = = gABdX
AdXB = −N2(r)dt2 + hIJ(r)dyIdyJ
= −N2(r)dt2 + hrr(r)dr2 + h(r)dx2i , (20)
where the asymptotical spatial boundary Σr (with induced metric γαβ and coordinate x
α) is located
at r → ∞. Besides, denoting the spatial boundary of the time slice Σt to be Bt (with induced
metric σab and coordinate θ
a), which is the region of taking Σt to r → ∞. The Ricci tensor
(d)RIJ = −(d− 1)hIJ/L2, which gives (d)R− 2Λ = 0 for static AdS spacetime case, where L is the
curvature radius of the AdS spacetime. Then the Wheeler-DeWitt equation (16) becomes{
−GIJLK δ
2
δhIJδhKL
}
Ψ[hIJ ] = 0. (21)
Furthermore, the displacement on Σr is
dXA =
∂XA
∂t
dt+
∂XA
∂θa
dθa = NnAdt+ eAa dθ
a, (22)
where nA is the timelike unit normal vector of Σt, then the reduced line-element on Σr is
ds2 = gAB(Nn
Adt+ eAa dθ
a)(NnBdt+ eBb dθ
b)
= −N2dt2 + gABeAa eBb dθadθb
= −N2dt2 + σabdθadθb
≡ γαβdxαdxβ , (23)
which gives
√−γ = N√σ. In addition, hIJ and σab are related by σab = hIJ ∂y
I
∂θa
∂yJ
∂θb
≡ hIJeIaeJb ,
then δδhIJ = e
I
ae
J
b
δ
δσab
. Therefore, the Wheeler-DeWitt equation (16) can be rewritten as
{
−GIJLK δ
2
δhIJδhKL
}
Ψ[hIJ ]
=
1√
h
(
1
2
(hIKhJL + hILhJK)− 1
d− 1hIJhKL
)
eIae
J
b e
K
c e
L
d
δ2
δσabδσcd
Ψ[σab]
=
1√
h
(
1
2
(σacσbd + σadσbc)− 1
d− 1σabσcd
)
δ2
δσabδσcd
Ψ[σab]
= 0. (24)
8While at fixed time, the reduced metric γαβ on the AdS boundary reduces to σab, namely, γab =
σab = hIJe
I
ae
J
b . Consequently, eq.(24) is equivalent to
1√
h
(
1
2
(γacγbd + γadγbc)− 1
d− 1γabγcd
)
δ2
δγabδγcd
Ψ[γab] = 0, (25)
which is the Wheeler-DeWitt equation on the AdS boundary.
According to our proposal, in order that a tensor network can generate a real AdS spacetime,
its associated Schro¨dinger equation should be expressed as
HˆΨ[ϕ(x)] = 1√
h˜
(
1
2
(γ˜acγ˜bd + γ˜adγ˜bc)− 1
d− 1 γ˜abγ˜cd
)
δ2
δγ˜abδγ˜cd
Ψ[γ˜ab] = 0. (26)
Clearly, not every tensor network can satisfy eq.(26) and it is nontrivial to find out concrete
examples of quantum manybody systems (concrete Hˆ) which can describe gravity. Besides, it
is known that not all of the wave functions of CFTs are dual to classical gravity geometry. A
fundamental question is what kinds of conditions a wave function must satisfy in order to have a
classical gravity duality. We propose that the answers lie in the Wheeler-DeWitt equation.
VI. CONCLUSIONS AND DISCUSSIONS
The gauge/gravity dualities have provided us very powerful tools to study the CFT or QFT
from their dual gravitational theories in the bulk. However, the study in the inverse direction,
i.e. from boundary to the bulk, is not so clear and straightforward. The essential questions are
how to construct the bulk geometry, and especially, how to construct or generate the bulk gravi-
tational dynamics from the information of the boundary QFT. In this paper, we studied the bulk
reconstruction of the AdS spacetime from tensor networks on the boundary and proposed a novel
approach to generate the bulk gravitational dynamics by combining the ideas of the holographic
entanglement entropy and the canonical quantization of quantum gravity and argue that there is
a connection between the boundary Schro¨dinger equation and the Wheeler-DeWitt equation in
the bulk gravity side. Our approach deepens the understanding of the gauge/gravity duality and
makes its formalism more complete. Beside, the approach also support the emergent picture of
gravity. There remains a lot of works to do, such as finding (or constructing) appropriate tensor
networks models to generate the desired gravitational backgrounds and extending our method to
stationary spacetime cases.
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